GULAR SEQUENCES AND LOCAL COHOMOLOGY MODULES 
WITH RESPECT TO A PAIR OF IDEALS 
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Abstract. Let R be a Noetherian ring, / and J two ideals of R and t an inte- 

■ ger. Let S be the class of Artinian /^-modules, or the class of all /^-modules N 

CN ■ 

with diniftAf < k, where k is an integer. It is proved that inf{; : H' U (M) f. S} = 
C$ • infjS — depth (M) : a G W (/,/)}, where M is a finitely generated /^-module, or 

is a ZD-module such that M/aM £" S for all a e W (/,/). Let Supp R H j j(M) be 
fNj ■ a finite subset of Max(/?) for all ; < t . It is shown that there are maximal ideals 

mi , m 2 , • . . , m k of R such that W u (M) = H' mi (M) © H' mi (M) © • • • © ff^ (M) for 
U ■ all / < t. 

< 

1. Introduction 

Throughout this paper, i? is a commutative Noetherian ring with non-zero iden- 
> . tity, / and J are two ideals of R, M is an 7?-module and s and ? are two integers. For 

^ ■ notations and terminologies not given in this paper, the reader is referred to 0], [|3 

q I and lfl6ll if necessary. 

The theory of local cohomology, which was introduced by Grothendieck iflOl . is 

O ■ 

■ a useful tool for attacking problems in commutative algebra and algebraic geom- 
etry. Bijan-Zadeh [3] introduced the local cohomology modules with respect to a 
system of ideals, which is a generalization of ordinary local cohomology modules. 
As a special case of these extend modules, Takahashi, Yoshino and Yoshizawa lfT6ll 
defined the local cohomology modules with respect to a pair of ideals. To be more 
precise, let W(/,7) = {p E Spec(i?) : P C J + p for some positive integer t}. The 
set of elements x of M such that Supp^7?x C W(/,7), is said to be (7,7)-torsion 
submodule of M and is denoted by Y[ i j{M) . Tij(-) is a covariant, 7?-linear functor 
from the category of 7?-modules to itself. For an integer z, the local cohomology 
functor H'j j(-) with respect to (I, J), is defined to be the z-th right derived functor 
of ) . Also Hjj(M) is called the z'-th local cohomology module of M with re- 
spect to (I, J). If J = 0, then H\ j(— ) coincides with the ordinary local cohomology 
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functor Hj(-). Let W(/,7) = {a<R : V C 7 + a for some positive integer f}. It is 
easy to see that 

r,,y(M) = {xGM:3aGW(/,J),(U = 0}= \J (0: M a). 

oew(/,y) 

In section 2, we study extension functors of local cohomology modules with 
respect to a pair of ideals. Let S be a Melkersson subcategory with respect to I, 
and M a finitely generated i?-module. The current authors, in [fl3l Theorem 2.11], 
showed that if H\ j{M) E S for all i < t, then H\{M) E S for all i < t. In 1231 we 
improve this result and we show that if Ext J R (N,Hj j(M)) E S for all i < t and all 
j <t — i, then H l a (M) E S for all i < t, where M is an arbitrary i?-module and N is a 
finitely generated 7?-module with Supp^A/ = V(a) for some a E W(7,7). 

Let S be a Serre subcategory of the category of 7?-modules. Aghapournahr and 
Melkersson [[TJ introduced the notion of 5-sequences on M as a generalization of 
regular sequences. Suppose that S is a Melkersson subcategory with respect to /, M 
is a ZD-module and M/IM S. In [TT4l Theorem 2.9] it is proved that all maximal 
5-sequences on M in /, have the same length. If this common length is denoted 
by S — depth; (M), then S — depth/ (M) = inf{i : Hj(M) £ S}; see El Corollary 
2.12]. In 12.251 we generalize this result as follows. Let S be the class of Artinian 
i?-modules, or the class of all 7?-modules N with dim^A/ < k, where k is an integer. 
Then inf{5- depth (M) : o E W(/,7)} = inf{i : H\ j(M) £ S}, where M is a finitely 
generated 7?-module, or is a ZD-module such that M/aM £ S for all a E W(7,7). 

In section 3, we get some identities between local cohomology modules. Let 
Supp^ H'j j(M) be a finite subset of Max(R) for all i < t. Then there are maximal 
ideals mi , m 2 , • • • ,m k of R such that H\ } (M) ^ 77^ (M) © H^M) © • ■ • © 77^ (M) 
for all ?' < see !3.7[ As a consequence we conclude that, if (R,m) is a local ring, 
then inf{i : /7j 7 (M)is not Artinian} = inf{? : H} j(M) ^ H^(M)}; see l3T0l 

2. Extension functors of local cohomology modules 
Recall that 7? is a Noetherian ring, I and 7 are ideals of R and M is an i?-module. 

Definition 2.1. A full subcategory of the category of 7?-modules is said to be Serre 
subcategory, if it is closed under taking submodules, quotients and extensions. A 
Serre subcategory S is said to be a Melkersson subcategory with respect to I, if for 
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any /-torsion 7?-module M, \m I G S implies that M E S. A Serre subcategory is 
called Melkersson subcategory when it is a Melkersson subcategory with respect to 
all ideals of R. 

The class of finitely generated modules and the class of weakly Laskerian mod- 
ules are Serre subcategories. Aghapournahr and Melkersson 01 Lemma 2.2] proved 
that if a Serre subcategory is closed under taking injective hulls, then it is a Melk- 
ersson subcategory. The class of zero modules, Artinian ^-modules, modules with 
finite support and the class of /?-modules ./V with dim^A^ < k, where k is a non- 
negative integer, are Serre subcategories closed under taking injective hulls, and 
hence are Melkersson subcategories; see 01 Example 2.4]. The class of 7-cofinite 
Artinian modules is a Melkersson subcategory with respect to /, but is not closed 
under taking injective hulls; see [1 1 Example 2.5]. 

The following result is a generalization of [2 , Theorem 2.1]. 

Theorem 2.2. Let N be an (I,J)-torsion R-module. If Ext^ (N, H'j j(M)) E S for 
all i < t, then Ext' R (N,M) E S. 

Proof Let F(-) = Hom R (N,-) and G(-) = T^j(-). Then we have FG(M) = 
Hom# (iV,M). By |fT5l Theorem 1 1.38], there is the Grothendieck spectral sequence 

E p 2 q := Ext p R (N,Hlj(M)) Ext p R +q (N,M). 

There is a finite filtration 

= cp'^H' C (p'H' C ■ • • C cp l H' C qpH 1 = Ext R (N,M) 

such that E'^'^ = (p'-'H' /(p t+l ~'H' for all i < t. It is enough to show that (p°H' E S. 
By hypothesis, Ej~ 1 ' 1 E S for all j > 2 and i < t, and so E*~ hl E S for all i < t. The 
sequence 

— > (pt+^H 1 — ► (p^H* — > E f -^ — > 
is exact for all i < t. Therefore it follows that <p°// f E S. □ 

Corollary 2.3. LetN bean (7, J) -torsion R-module. IfExX R {N,H\j(M)) E S for all 
i < t and all j < t — i, then Ext'^N.M) E Sfor all i < t. 

Corollary 2.4. Suppose that S is a Melkersson subcategory with respect to I, and 
N is a finitely generated R-module with Supp^iV = V(a) for some a E W(7,7). If 
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Ext J R (N,Hij(M)) G Sfor all i < t and all j <t- i, then H' a (L,M) G S for all i < t 
and all finitely generated R-modules L. 

Proof. The result follows by I2.3l and (U Theorem 2.9]. □ 
The following result improves |[T3l Theorem 2.11]. 

Corollary 2.5. Suppose that S is a Melkersson subcategory with respect to I, and 
N is a finitely generated R-module with Supp R N = V(o) for some a G W(I,J). If 
Ext R (N,Hj j{M)) G Sfor all i < t and all j <t- i, then H' a (M) G Sfor all i < t. 

Proof Inl2~4l put L = R. □ 

Corollary 2.6. If S is a Melkersson subcategory with respect to I, then 

inf{i : H\ j(M) £ S} < inf{inf{i : H[(M) (£S}:ae W(I,J)}. 

As a generalization of finitely generated modules, Evans [9| introduced ZD- 
modules as follows. 

Definition 2.7. An 7?-module M is said to be zero-divisor module (ZD-module), if 
for any submodule N of M, the set Zr(M/N) is a finite union of prime ideals in 
Ass R M/N. 

According to [0 Example 2.2], the class of ZD-modules contains finitely gen- 
erated, Laskerian, weakly Laskerian, linearly compact and Matlis reflexive mod- 
ules. Also it contains modules whose quotients have finite Goldie dimension and 
modules with finite support, in particular Artinian modules. Therefore the class of 
ZD-modules is much larger than that of finitely generated modules. 

Definition 2.8. An element a of R is called 5-regular on M, if \m a G S. A se- 
quence ai,. . . ,a t is an S-sequence on M, if a ; - is 5-regular on M/(a\, . . . ,a,_i)M for 
i = 1 , . . . , t . The S-sequence a\ , . . . , a t is said to be maximal S-sequence on M, if 
ai, . . . ,fl f ,y is not an S-sequence on M for any y G R. 

When S is the class of zero modules, Artinian 7?-modules, modules with finite 
support, and the class of 7?-modules N with dim^A/ < k, where k is a non-negative 
integer, then S-sequences on M are, poor M-sequences, filter-regular sequences, 
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generalized regular sequences, and M-sequences in dimension > k, respectively; 
see HI Example 2.8]. 

Let S be a Melkersson subcategory with respect to /, and M a ZD-module such 
that M/IM ^ S. The current authors, in [[T4] Theorem 2.9], proved that all maximal 
5-sequences on M in /, have the same length. 

Definition 2.9. Let S be a Melkersson subcategory with respect to /, and M a ZD- 
module such that M/IM ^ S. The common length of all maximal 5-sequences on 
M in I, is denoted by 5" - depth; (M) . If M/IM G S, we set 5" - depth; (M) = <*>. 

Suppose that M is a ZD-module. When S is the class of zero modules, Artinian 
7?-modules, and modules with finite support, then S — depth 7 (M) is the same as 
ordinary depth 7 (M), / — depth 7 (M) (filter-depth), and g — depfh 7 (M) (generalized 
depth), respectively. 

Corollary 2.10. Let S be a Melkersson subcategory with respect to I, and M a 
ZD-module. Then 

M{i : H\ j(M) iS}< inf{5 - depth Q (M) : a G W(/,7)}. 

Proof. The result follows by^and JH Corollary 2.12]. □ 

In the following, we study the relation between generalized local cohomology 
modules and local cohomology modules with respect to a pair of ideals. 

Corollary 2.11. Suppose that N is a finitely generated a-torsion R-module for some 
a G W(/,7). IfBx^iN.Hl jiM)) G Sfor all i < t, then H' a (N,M) G S. 

Proof. The result follows by O Note that r o (N) C T U (N) and by Lemma 2. 1] 
we have Extjj (N, M) = H' a (N, M) for any integer i. □ 

Corollary 2.12. Suppose that N is a finitely generated a-torsion R-module for some 
aeW(I,J). IfExt J R (N,H' IJ (M)) G Sfor all i < t and all j<t-i, then H l a (N,M) G S 
for all i < t. 

The following result is a generalization of [|2] Theorem 2.3]. 

Theorem 2.13. Let N be an (I, J) -torsion R-module. //Ext^ +f+1_ '(A^,//j 7 (M)) eS 
for alii < t, Ext^^ 1 ^' (N, H'j j(M)) G Sfor all t< i<s + t, and Ext^ +f (N, M) G S, 
then Ext s R (N,Hj j(M)) G S. 
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Proof. Let F(-) = Homj?(iV,-) and G(-) = r /; y(-). Then we have FG(M) = 
Honitf(A/,M). By 11151 Theorem 11.38], there is the Grothendieck spectral sequence 

E%> q := Ext p R (N,Hlj(M)) Ext p R +q (N,M). 

There is a finite filtration 

= (p s + t+l H s+r C 9*+^^ C • • • C 9 1 H 5+t C (p°H s+t = Exf+'iN.M) 

such that Eg*-**' = <p s+t - i H s+t / <p s+t+1 ~ i H s+t for all i < s + t. It is enough to show 
that E2 G 5. We have the following exact sequences 

and 

— ► Im<;;i; + ^- ! - Ker^, — ► — ► 

for all i. By hypothesis, G 5 for all i < t, and £^~ f G 5 for all 

t < i < s + 1. It follows that Ej~[z] +l,2t ~' G S for all t - s < i < t. Note that if 
i < t — s, then E^~{Zi +i ' ~ l = 0. Hence /J 1 * 7{l f +I ' *~ l G S for all i < t, and there- 
fore iTad^Z^Z^ 1 ' *~ l G S for all i < t. Also we have £*f f+2 = ££ r G 5, because 
9* (p s H s+t /(p s+1 H s+t and <p^+ f C <p°// ?+r = Ext^+' (N,M) G 5. Now the claim 
follows by the above exact sequences. □ 

Corollary 2.14. Let N be an (I, J) -torsion R-module. Let ExtjP (N,Hjj(M)) G S 
for j = s + t,s + t+l and all i < t, and Ext s R +t ~ l ~\N ,H\ j{M)) G S for all t <i< 
s + t. Then Ext s R +l '(N,M) G S if and only ifExt s R (N,Hjj(M)) G S. 

Proof. The claim follows by 12.21 and 12.131 □ 
The following result is a generalization of [fT7] Theorem 2.3]. 

Corollary 2.15. Let N be an {I, J) -torsion R-module. IfEx^'^N^Hj ^M)) G S 
for all i < t, and Ext R (N,M) G S, then Kom R (N , H\ j(M)) G S. 

Proof. In lXT3l put s = 0. □ 

Proposition 2.16. Let Exi' R l ~\R/ a,H\ j(M)) be Artinianfor all a G W(/,7) and 
alli<t, andExt' R (R/a,M) be Artinianfor alia GW '(/, J). ThenExt J R (R/ a,Hj j(M)) 
is Artinianfor all a G W(I, J) and all j G Nq. 
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Proof. Bv l2T5l Uom R (R/a 7 Hj j(M)) is Artinian for all a G W(7,7). Also we know 
that 

HIj(M)= U (° : H' U (M) <0 = U Hom^/a^M)). 

aeW(/,7) aeW(/,7) 

Now the claim follows by [ITT1 Theorem 5.1] and jB Theorem 2.9]. □ 

Corollary 2.17. Let Ext' R (7? / a, M) Z?e Artinian for all a G W(7, 7) an J a// i < f . r/zen 
Ext R (R/a : Hj j(M)) is Artinian for all a G W(7,7), a// z < £ and a// 7 G No. 

Proof It follows by EEI that Ext£(/?/a, T If ,(M)) is Artinian for all a G W(7,7) and 
all j G No- Now again using of |2.16l implies that Ext J R (R/ o,7/ / 1 y(M)) is Artinian for 
all G W(7,7) and all j G No- By continuing this process, the claim follows. □ 

Lemma 2.18. 7/7^~ ! '(77j' / (M)) G Sfor all i < t, then Hj j(M) G S. 

Proof Let F(-) = Fi(-) and G(-) = r Z) /(-). Then FG(M) = T I;J (-). The rest 
of the proof is similar to that of 12.21 □ 

Corollary 2.19. IfExt R (R/a,M) is Artinian for all G W(7,7) and a// z < t, then 
Hj j(M) is Artinian for all i < t. 

Proof It follows bv HTTI and E Theorem 2.9] that Hj(H' u (M)) is Artinian for all 
i < t and all j G No. Now the claim follows by 12.181 □ 

Proposition 2.20. Let S be the class of all R-modules N with dim^ ./V < k, where k 
is an integer. LetExt t R l ^'(R/a,H l IJ (M)) G Sfor all a G W(7,7) and all i < t, and 
Ex4(7?/o,M) G Sfor all a G W(7,7). Then Hjj(M) G S. 

Proof. Bv l2TT51 Homfl(i?/a,77f )7 (M)) G 5 for all a G W(7,7). Also we know that 

H' U (M)= |J (0:^ y(M) a)= [j Horn^tf/a^M)). 

aew(v) aew(/,y) 

It follows that 7/; 7 (M) G 5. □ 

Corollary 2.21. Le? 5 ?/ze cZa^s o/a/Z R-modules N with dim# Af < /c, where k is 
an integer. IfExt' R (R/a,M) G a// u G W(7,7) ana 1 a// z < f, f/zen H\ j(M) G 5 
/or a// z < f. 
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Proof. We know that 

rV(M)= (J Hom^( J R/a,r/,y(M))= (J Horn* (2?/ a, M). 

aeW(/,7) oeW(/,7) 

Therefore r 7) /(M) G 5. It follows by|2]20|that H} j(M) G S. By keeping this process, 
the claim follows. □ 

Corollary 2.22. Le? 5 be the class of Artinian R-modules, or the class of all R- 
modules N with dim^A/ < k, where k is an integer. IfH l a (M) G Sfor all a G W(/,7) 
and all i < t, then Hj j(M) G Sfor all i < t. 

Proof. The claim follows by I2T91 [2T2T1 and E Theorem 2.9] . □ 

Corollary 2.23. Let S be the class of Artinian R-modules, or the class of all R- 
modules N with dim^iV < k, where k is an integer. Then the following statements 
are equivalent: 

(i) H\j(M) G Sfor all i<t; 

(ii) H' a (M) G Sfor all a G W(/,7) and all i < t. 

Proof. The claim follows by 12.51 and [2^221 □ 

Corollary 2.24. Let S be the class of Artinian R-modules, or the class of all R- 
modules N with dim^A/ < k, where k is an integer. Then 

mf{i : H' U (M) <£ S} = inf{inf{i : H' a (M) <£ S} : a G W(/,7)}. 

The following result is a generalization of [fl4l Theorem 2.13]. 

Theorem 2.25. Let S be the class of Artinian R-modules, or the class of all R- 
modules N with dim^A/ < k, where k is an integer. Let M be a finitely generated 
R-module, or be a ZD-module such that M/aM ^ Sfor all a G W(/,7). Then 

mf{i : H l u (M) <£ S} = inf{5-depth a (M) : a G W(/,7)}. 



Proof. The claim follows by 12.241 and lTf4l Theorem 2.13]. 



□ 
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3. Some identities between local cohomology modules 
Suppose that 

E'(M) : — ► E° R (M) E R (M) > ► E' R (M) A E R +l (M) — ► ■ • • (*) 

is a minimal injective resolution ofM, where .Ej^M) = pe spec(R) fl'iPi^E^R/p) 
is a decomposition of E' R (M) as the direct sum of indecomposable injective R- 
modules, E R (R/p) denotes the injective hull of R/p and /i'(p,M) denotes the i-th 
Bass number of M with respect to p. It follows by |[T6l Proposition 1.11] that 

IV(4(M))^ © Ai'(p,M)^(i?/p). 

p€W(I,J) 

Hence Supply (4 (M)) = {p G W(7, J) : /i f (p,M) ^ 0}. 

The above mentioned results are assumed known through this section. 

Theorem 3.1. Let S be a Serre subcategory closed under taking injective hulls. The 
following conditions are equivalent: 

(i) Hj j{M) ES for alii < t. 

(ii) T U (E R (M)) E Sfor all i < t. 

Proof Since T Ir /(E R (M)) is injective and Kerr / ,y(J / ) = Kerd'nT^j^E^M)), thus 
Tj : j(E R (M)) is injective hull of KerT/ j(d'). Now the claim follows by Ifl2l Lemma 
5.4]. We note that the proof of [[121 Lemma 5.4] is still valid if the class of Artinian 
7?-modules is replaced by a Serre subcategory that is closed under taking injective 
hulls. □ 

Corollary 3.2. The following statements are equivalent: 

(i) Suppfl//] j(M) is a finite subset ofMax(R) for all i < t; 

(ii) H\ j(M) is Artinian for all i < t. 

Corollary 3.3. If (R, m) is a local ring, then 

mf{i : Supp R H'j j(M) % {m}} = inf{z : H\j{M)is not Artinian} . 

Proposition 3.4. Let M be a finitely generated R-module, or be a ZD-module such 
thatM p /pM p ^ Ofor all p G W (/,/). Then 

mf{i : HjjiM) ^ 0} = inf{depthM p : p G W(/,7)}. 
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Proof. Let t = inf{ depthMp : p G W(I,J)}. It follows by El Corollary 2.14] that 
/i f (p,Af) = for all p G W(/,7) and all i < t. So Y I ^ J {E i R {M)) = for all i < t, 
and hence H\ j(M) = for all i < t. Therefore t < mf{i : H\j(M) ^ 0}. Now 
it is enough to show that Hj j(M) ^ 0. By assumption, there is q G W(/,7) such 
that t = depthMp It follows by 0H Corollary 2.14] that jU f (q,M) ^ 0. Therefore 
Tj j (E R (M) ) ^ 0, and hence # j 7 ( Af ) ^ by EH □ 

We can get a generalization of [|6l Theorem 2.4]. 

Proposition 3.5. Let M be a finitely generated R-module, or be a ZD-module such 
thatM p /pMp ^ Ofor all p G W(/,7) -Max(R). Then 

mf{i : Supp R H l u (M) % Max(i?)} = inf{depthM p : p G W(/,J) - Max(R)}. 

Proof. Let t = inf{z : Supply (Af) £ Max(i?)}. It follows by[3j]that /x f (p, Af) = 
for all p G W(/,7) - Max(7?) and all / < t, and there is q G W(/,7) - Max(7?) such 
that jU ? (q,Af) ^ 0. Now it follows by HH Corollary 2.14] that depthMp > t for all 
p G W(7,7) - Max(R), and depthM q = f. Therefore inf {depthMp : p G W(7,7) - 
Max(/?)} = f. □ 

Theorem 3.6. Let Supp^f7j /(Af) £>e a finite subset ofMax(R) for all i < t. Then 
there are maximal ideals m\ , rri2, . . . , G W(7, 7) swc/? thatH\ j(M) = H^ mr ,. mk (M) 
for all i < t. 

Proof. It follows by[3j]that Supp R T IjJ (E'(M)) is a finite subset of Max(R) for all 
i < t. Let Supper '/ : j(E l (M)) = {m/^rriQ, •••,m^ i }, where ki is an integer. Then 

ki 

r 7)/ (£ J '(M)) 0Ai'(m ;j ,M)^(7?/m ;j ) 

y=i 

for all i < f. Put a = riy m «7- Then V(a) = {m i; : < i < t, 1 < j < k t }, and 
oeW(y). Therefore 

r a (F'(M)) - n l (p,M)E R (R/p) 

peV(a) 

h 

= ®^ i (m l j,M)E R (R/m lJ )^r I ,j(E l (M)) 

7=1 

for all i < t, and hence Hj j(M) ^ flj(Af) for all i < t. □ 
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Corollary 3.7. Let Supp^//] j(M) be a finite subset ofMax(R) for all i < t. Then 
there are maximal ideals xn\ , rri2, . . . , G W(7, J) such that 

H\j(M) = fit, {M)®H l m2 {M) © • • -®H l mk {M) 

for all i < t. 

Proof. The claim follows by 13 .61 and the Mayer- Vietoris sequence [0] 3.2.3]. □ 

Corollary 3.8. Let (R,m) be a local ring. If Supp^ Hj j(M) C {m} for all i < t, 

then H\ j{M) = WJM) for all i < t. 

Corollary 3.9. If(R,m) is a local ring, then 

M{i : Supp R Hij(M) % {m}} = inf{/ : H l u {M) ? H' m {M)}. 

The following result is a generalization of fl6l Proposition 2.5]. 

Corollary 3.10. If{R,m) is a local ring, then 

inf{/ : H\ j(M)is not Artinian} = M{i : H\ j(M) ^ H^M)}. 

Proof. The claim follows by 13.31 and I3T91 □ 

Corollary 3.11. Let (R,m) be a local ring. If Supp R H'j j(M) C {m} for all i < t, 

then H\ j{M) = H l a (M) for all a G W(7, J) and all i < t. 

Proof. It follows by[23]that Supp R Hl(M) C {m} for all a G W(I,J) and all i < t. 
Therefore H' a (M) ^ H^(M) for all a G W(/,7) and all i < t, by EE Now again 
using of |3?8]implies that H\ j(M) = H l m (M) for all i < t, and the claim follows. □ 
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